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QUASI HYPERRIGIDITY AND WEAK PEAK POINTS FOR
NON-COMMUTATIVE OPERATOR SYSTEMS
M. N. N. NAMBOODIRI1, S. PRAMOD2, P. SHANKAR3 and A.K. VIJAYARAJAN4
Abstract. In this article, we introduce the notions of weak boundary repre-
sentation, quasi hyperrigidity and weak peak points in the non-commutative
setting for operator systems in C∗-algebras. An analogue of Saskin’s theorem
relating quasi hyperrigidity and weak Choquet boundary for particular classes
of C∗-algebras is proved. We also show that, if an irreducible representation
is a weak boundary representation and weak peak then it is a boundary repre-
sentation. Several examples are provided to illustrate these notions. It is also
observed that isometries on Hilbert spaces play an important role in the study
of certain operator systems.
1. Introduction
The concepts of peak point and Choquet boundary play an important role in
several areas of classical (commutative) analysis. To be more precise the idea was
to identify optimal subsets of a compact Hausdorff space X such that each and
every element of a given class of continuous complex functions C(X) attains max-
imum modulus on it. These notions are also related to classical approximation
theory studied extensively with the concept of Korovkin (hyperrigid sets) sets.
The idea of peak points was introduced by Bishop in connection with the study of
Choquet boundary of subspaces of C(X) and developed further by Saskin [13] in
the geometric formulation of the so called ‘Korovkin’ sets. The non-commutative
counterparts of these notions for operator systems and operator algebras were
initiated by William Arveson in [1] and studied extensively by him in [2], [3] and
[4]. In [2] and [3] Arveson introduced the concept of non-commutative Choquet
boundary and proved a number of results related to hyperrigid sets which are the
non-commutative analogues of classical Korovkin sets in approximation theory of
functions. A brief survey of the developments in ‘non-commutative Korovkin-type
theory’ is given in [11] and a non-commutative version of the geometric theory of
Korovkin sets can be found in [12].
In this article, we introduce the notion of a weak peak point for an operator
system in a C∗-algebra which is a non-commutative analogue of peak point. This
is with an intention to identify ‘distinguished’ points that are ‘peak’ in an appro-
priate sense that involves only simple machinery compared to those of peaking
representation introduced by Arveson [3]. We introduce quasi hyperrigid sets
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in C∗-algebras which are weaker than hyperrigid sets. We also introduce weak
boundary representations and study the relation between boundary representa-
tions and weak boundary representations for operator systems of C∗-algebras. We
prove an analogue of Saskin’s theorem relating quasi hyperrigid operator systems
and weak boundary representations for operator systems of C∗-algebras.
The main result of the paper is as follows.
Theorem: Let S be an operator system in a C∗-algebra A = C∗(S). If pi ∈ Aˆ
is a weak peak point for S, pi is a weak boundary representation for S and pi|S is
pure, then pi is a boundary representation for S.
2. Preliminaries
Now we recall the necessary definitions in the commutative case which we are
going to adapt appropriately to the non-commutative setting.
Definition 2.1. Let X be a compact Hausdorff space and let C(X) be the set
of continuous complex valued functions on X . The subset S of C(X) is called a
Korovkin set if whenever {φn} is a sequence of positive linear maps from C(X)
to itself such that ||φn(f)− f || → 0 for all f ∈ S, then ||φn(f)− f || → 0 for all
f ∈ C(X).
The classical Korovkin theorem proves that {1, x, x2} is a Korovkin set for
C([0, 1]).
Definition 2.2. Let X be a compact Hausdorff space and G a closed sub-
space of C(X), separating points and containing the identity of C(X). A point
x0 ∈ X is a peak point of G if there exists a g ∈ G for which g(x0) = ‖g‖,
|g(x)| < ‖g‖, x 6= x0.
Definition 2.3. Let S ⊂ C(X) containing the constant function 1, where X is
a compact Hausdorff space. The Choquet boundary ∂S of S is defined as ∂S =
{x ∈ X : εx|S has a unique positive linear extension to C(X),where εx denotes
the evaluation functional defined by εx(f) = f(x), f ∈ C(X)}.
The above two notions are closely related. One of the most significant results
connecting them is as follows:
Theorem 2.4. ([5], page-170) Let X be a compact Hausdorff space and let G
be the linear space spanned by a subset S of C(X) that contains constants and
separates points of X. Then the set of peak points of G is contained in the Choquet
boundary of G.
Here we give the most remarkable and well celebrated theorem proved by Saskin
in [13]
Theorem 2.5. Let S be a subset of C(X) that separates points of X and contains
constant function. Then S is a Korovkin set in C(X) if and only if the Choquet
boundary ∂S = X.
Our main aim of this paper is proving the non commutative analogues of the
above theorems. To fix our notation and terminology we recall the fundamental
notions.
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The spectrum Aˆ of a C∗-algebra A is the set of all unitary equivalence classes
of irreducible representations of A on a Hilbert space. An operator system S
in a C∗-algebra A is a self-adjoint linear subspace of A containing the iden-
tity of A such that A = C∗(S)-the C∗-algebra generated by S. If S ⊆ B(H)-
the space of all bounded linear operators on some Hilbert space H , then it is
called a concrete operator system. We use the notation CP (A,H) to denote the
set of all completely positive (CP) maps from the C∗-algebra A to B(H). By
UCP (A,H) we denote the subset of completely positive maps that are unital
(UCP). A map φ ∈ UCP (A,H) is called pure, if whenever φ − ξ is completely
positive for some ξ ∈ CP (A,H), there exists 0 ≤ t ≤ 1 such that ξ = tφ. When
H is finite dimensional, elements of UCP (A,H) are called matrix states . Let
UCP (A, pi,Hpi) = {Φ : Φ(·) = V
∗pi(·)V, V is an isometry on Hpi}.
The following important notion of boundary representations in the theory of
operator systems was introduced by Arveson [1]:
Definition 2.6. Let S be an operator system in a C∗-algebra A. A boundary
representation for S is an irreducible representation pi of A on a Hilbert space
such that pi|S has a unique completely positive extension, namely pi itself to A.
The set of all boundary representations for S is called the non-commutative
Choquet boundary of S and is denoted by ∂(S).
The non-commutative approximation theory initiated by Arveson benefited
remarkably from the theory of boundary representations. In [3] Arveson coined
the term ‘hyperrigid set’ when he introduced the non-commutative version of
Korovkin set in commutative set-up and it is as follows.
Definition 2.7. A set G of generators of an abstract C∗-algebra A is said to be
hyperrigid if for every faithful representation A ⊆ B(H) of A on a Hilbert space
and every sequence of unital completely positive maps {φn} from B(H) to itself,
lim
n→∞
‖φn(g)− g‖ = 0, ∀ g ∈ G⇒ lim
n→∞
‖φn(a)− a‖ = 0, ∀ a ∈ A.
The non commutative analogue of peak point introduced by Arveson in [3] is
as follows.
Definition 2.8. Let S be a separable operator system and let A = C∗(S) is the
C∗-algebra generated by S. An irreducible representation pi : A → B(H) is said
to be a peaking representation for S if there is an n ≥ 1 and an n×n matrix (sij)
over S such that
|| (pi(sij)) ||>|| (σ(sij)) ||
for every irreducible representation σ not unitarily equivalent to pi.
3. Weak choquet boundary and Quasi hyperrigid sets
Here we introduce the notion of a weak boundary representation and discuss
the nature and properties of it.
Definition 3.1. Let A be a unital C∗-algebra and S be an operator system of
A such that A = C∗(S)-the C∗-algebra generated by S. An irreducible repre-
sentation pi : A → B(Hpi) is called weak boundary representation for S of A if
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pi|S has a unique UCP map extension of the form V
∗piV , namely pi itself, where
V : Hpi → Hpi is an isometry.
The set of all weak boundary representations for S of A is called weak Choquet
boundary of S and denoted by ∂WS. We can observe that all the boundary
representations are weak boundary representations for S. Thus ∂S ⊆ ∂WS.
Example 3.2. Consider the classical case A = C(X), where X is a compact
Hausdorff space. The irreducible representations up to unitary equivalence are
one dimensional representations of C(X) which correspond to point evaluation
functionals and thereby precisely to the points ofX . Let S be a subspace of C(X)
containing identity such that C∗(S) = C(X). Let x ∈ X , εx : C(X) → C be
the one dimensional irreducible representation given by εx(f) = f(x), for all f ∈
C(X). Let V : C→ C be an isometry such that V ∗εx(f)V = εx(f) for all f ∈ S.
Since C is one dimensional, V is unitary and hence V ∗εx(f)V = εx(f) for all
f ∈ C(X). Therefore εx is a weak boundary representation for all x ∈ X . In
the classical case, spectrum of a C∗-algebra and weak Choquet boundary are the
same irrespective of the choice of the subspace S of C(X). Hence we conclude
that ∂S ⊆ ∂WS = X . By Saskin’s theorem 2.5, we conclude that a subspace S is
Korovkin in C(X) if and only if ∂S = ∂WS = X . Thus weak Choquet boundary
fails to recognise hyperrigidity even in the commutative case since ∂WS = X for
all S ⊆ C(X).
Example 3.3. Let A be a C∗-algebra and S be a operator system in A such
that A = C∗(S), when A is finite dimensional it is easy to see that ∂WS = Aˆ.
The same can be deduced for infinite dimensional C∗-algebras for which all the
irreducible representations are finite dimensional as in the cases of infinite direct
sum of matrix algebras and infinite direct sums of the form ⊕(C(Xi)⊗Mn(C)),
where Xi is a compact Hausdorff space for each i.
The notion of weak boundary representation is interesting in the infinite dimen-
sional C∗-algebras. The following example shows that spectrum of a C∗-algebra
is not always equal to weak Choquet boundary in infinite dimensional cases.
Example 3.4. Let G = linear span(I, S, S∗), where S is the unilateral right
shift in B(H) and I is the identity operator. Let A = C∗(G) be the C∗-algebra
generated by G. We have K(H) ⊆ A, A/K(H) ∼= C(T) is commutative, where
T denotes the unit circle in C and the spectrum Aˆ of A can be identified with
{Id}∪T. We know that εt is a one dimensional irreducible representation of A for
all t ∈ T, therefore εt is a weak boundary representation for G of A for all t ∈ T.
Note that Id|G has more than one UCP extension from the class CP (A, Id,HId).
Observe that S∗Id(·)S is also an extension of Id|G therefore Id is not a weak
boundary representation.
Here we introduce the notion of quasi hyperrigid sets and discuss the relation
between quasi hyperrigidity and other notions.
Definition 3.5. A set S of generators of a C∗-algebra A is said to be quasi
hyperrigid, if for every nondegenerate representation pi of A on a Hilbert space
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Hpi and for every isometry V : Hpi → Hpi the condition V
∗pi(s)V = pi(s) for all s
in S implies that V ∗pi(a)V = pi(a) for all a in A.
Note that a set S is quasi hyperrigid if and only if the linear span of S ∪ S∗ is
quasi hyperrigid and hence the notion extends naturally to operator systems.
Here we explore the relation between hyperrigidity and quasi hyperrigidity. It
is trivial to see that hyperrigid sets are quasi hyperrigid. However, the converse is
not true and hence the notion is strictly weaker. We illustrate this using several
examples. The following one is a modified version from [10].
Example 3.6. Let Mn(C) denote the set of all n × n matrices over C, where
n ≥ 3. Define a unital completely positive map Φ on Mn(C) as given below. Let
M =


a11 a12 a13 ...... a1n
a21 a22 a23 ...... a2n
a31 a32 a33 ...... a3n
. . . ...... .
. . . ...... .
an1 an2 an3 ...... ann


be arbitrary. Now define Φ on Mn(C)
Φ(M) =


a11 a12 0 ...... 0
a21 a22 0 ...... 0
0 0 a22 ...... 0
0 0 0 a22 0
. . . ...... .
0 0 0 ...... a22


Now let M = T , where a21 = 1 and all other entries equal to 0. If S =
span{I, T, T ∗} and A = C∗(S), then Φ(s) = s for all s in S, but Φ(TT ∗) 6= TT ∗.
i.e, S is not a hyperrigid set. However, if V is any isometry such that V ∗V = I,
then V V ∗ = I, since A is finite dimensional. Thus S is quasi hyperrigid, but fails
to be a hyperrigid set.
Now we give an infinite dimensional example of a quasi hyperrigid operator
system which is not hyperrigid. This example is inspired by Robertson [6]. In
fact a slight modification of Robertson’s construction of the CP map is made
so as to make it unital. We choose an operator system in such a way that the
example fit into our settings.
Example 3.7. We assume the construction of the theorem ([6], page 472). Let
A be a non commutative infinite dimensional C∗-algebra with only finite dimen-
sional irreducible representations and define a modified version of the CP map φ
on A as given in equation (1) in [6] as follows. Start with an x in A with spec(x)
= 0. Now define
φ(a) = pap + σ(a)(I − p2)
for each a in A, where p is the projection as described by Robertson. Then
proceed as in [6] to construct the required example by considering different cases
for spec(x∗x).
6 M. N. N. NAMBOODIRI, S.PRAMOD, P.SHANKAR and A.K. VIJAYARAJAN
Remark 3.8. In the infinite dimensional C∗-algebras considered in example 3.3
we can construct quasi hyperrigid operator systems which are not hyperrigid.
Now we explore the notions of quasi hyperrigidity and weak Choquet boundary
in the following results.
Proposition 3.9. Let S be a separable operator system S and A = C∗(S). Then
S is quasi hyperrigid if and only if for every nondegenerate representation pi :
A → B(Hpi) on a separable Hilbert space, pi|S has a unique UCP map extension
of the form V ∗piV , where V : Hpi → Hpi is an isometry.
Proof. The result is immediate from the definition of quasi hyperrigidity. 
Proposition 3.10. Let S be a separable operator system generating a C∗-algebra
A. If S is quasi hyperrigid, then every irreducible representation of A is a weak
boundary representation for S.
Proof. The assertion is an immediate consequence of above proposition. 
Problem 3.11. If every irreducible representation of A is a weak boundary rep-
resentation for a separable operator system S ⊆ A, then is S quasi hyperrigid?
We will settle the above problem for certain classes of C∗-algebras.
Proposition 3.12. Let S be a operator system generating a C∗-algebra A =
C∗(S) and for each i in an index set I, let pii : A → B(Hpii) be a representation
such that pii|
S
has unique UCP map extension of the form V ∗piipiiVpii, where Vpii :
Hpii → Hpii is an isometry. Then for the direct sum of representations pi =
⊕i∈Ipii : A→ B(⊕i∈IHpii), pi|S has unique UCP map extension of the form V
∗
pi piVpi,
where Vpi : ⊕i∈IHpii → ⊕i∈IHpii is an isometry.
Proof. Let Φ = V ∗pi piVpi = V
∗
pi ⊕i∈I piiVpi : A→ B(⊕i∈IHpii) be an extension of pi|S
for an isometry Vpi : ⊕i∈IHpii → ⊕i∈IHpii. For each i ∈ I, let Φi : A→ B(Hpii) be
the UCP map
Φi(a) = PiΦ(a)|Hpii , a ∈ A
where Pi is the projection onto Hpii. Since Φi restricted to pii on S has unique
extension we have Φi(a) = pii(a) for all a ∈ A. Equivalently PiΦ(a)Pi = pi(a)Pi.
Using Schwarz inequality,
PiΦ(a)
∗(1− Pi)Φ(a)Pi = PiΦ(a)∗Φ(a)Pi − PiΦ(a)∗PiΦ(a)Pi
≤ PiΦ(a
∗a)Pi − pi(a)∗PiΦ(a)Pi
= pi(a∗a)Pi − pi(a)∗pi(a)Pi
= 0
Hence |(1− Pi)Φ(a)Pi|
2 = 0, and it follows that Pi commutes with the self adjoint
family of operators Φ(A). Hence for every a ∈ A we have
Φ(a) =
∑
i∈I
Φ(a)Pi =
∑
i∈I
PiΦ(a)Pi =
∑
i∈I
pi(a)Pi = pi(a)
Hence Φ(a) = V ∗pi pi(a)Vpi = V
∗
pi ⊕i∈I pii(a)Vpi = pi(a) for all a ∈ A and for an
isometry Vpi : ⊕i∈IHpii → ⊕i∈IHpii.

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Now we settle the problem 3.11 for C∗-algebras with countable spectrum.
Theorem 3.13. Let A = C∗(S) be the C∗-algebra generated by a separable oper-
ator system S such that A has countable spectrum. If every irreducible represen-
tation of A is a weak boundary representation for S then S is quasi hyperrigid.
Proof. To prove S is quasi hyperrigid using proposition 3.9, it is enough to prove
that for every representation pi : A → B(Hpi) of A on a separable Hilbert space,
pi|S has the unique UCP map extension of the form V
∗
pi piVpi, where Vpi : Hpi → Hpi
is an isometry. Our assumption that spectrum of A is countable implies that
A is a type I C∗-algebra, hence pi decomposes uniquely into a direct integral of
mutually disjoint type I factor representations. Using the fact that spectrum of A
is countable again, the direct integral must be a countable direct sum. therefore
pi can be decomposed into a direct sum of subrepresentations pin : A→ B(Hpin)
Hpi = Hpi1 ⊕Hpi2 ⊕ ..., pi = pi1 ⊕ pi2 ⊕ ...
with the property that each pin is unitarily equivalent to a finite or countable
direct sum of copies of a single irreducible representation σn : A→ B(Hσn).
By our assumption, each map σn|
S
has the unique UCP map extension of
the form V ∗σnσnVσn , where Vσn : Hσn → Hσn is an isometry. Hence the above
decomposition expresses pi|S as a (double) direct sum. By Proposition 3.12 it
follows that pi|S has the unique UCP map extension of the form V
∗
pi piVpi, where
V : Hpi → Hpi is an isometry. 
4. Unique extensions-weaker versions
In this section, we introduce the weaker notion of unique extension property
of representations of C∗-algebras by considering particular class of UCP maps.
Definition 4.1. Let S be a operator system generating a C∗-algebra A. Let
pi : A→ B(Hpi) be a representation then pi is said to have weak unique extension
property(WUEP) for S if pi is the only UCP map extension of pi|S of the form
V ∗pi(·)V , where V is an isometry on Hpi.
Kleski [9] proved the hyperrigid conjecture of Arveson for a Type I C∗-algebras
with an additional assumption on the codomain. Since our problem 3.11 is similar
to Arveson’s hyperrigid conjecture with weaker notions, Kleski’s [9] results can be
modified to our settings. The following results give partial answer to the problem
3.11. Since the arguments are exactly the same verbatim, we will state results
without proof.
Theorem 4.2. Let S be a separable operator system in B(H) generating a C∗-
algebra A, and suppose A′′ is injective. Suppose every factor representation pi :
A → B(Hpi) has WUEP for S of A. Let ρ be a faithful representation of A on
B(Kρ) and let γ : ρ(A) → B(Kρ), γ = V
∗
1
IdV1, where V1 : Kρ → Kρ is an
isometry such that γ(ρ(s)) = ρ(s) for all s ∈ S. Then for every conditional
expectation E : B(Kρ)→ ρ(A)
′′, we have Eγρ(a) = ρ(a) for all a ∈ A.
Corollary 4.3. Let S be an operator system generating a Type I C∗-algebra A.
If every irreducible representation of A is a weak boundary representation for S,
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then for any representation pi : A→ B(Kpi) and any UCP map V
∗IdV : pi(A)→
B(Kpi) for V : Kpi → Kpi is isometry such that V
∗Id(pi(s))V = pi(s) for all s ∈ S
and any conditional expectation E : B(Kpi)→ pi(A)
′′, E(V ∗IdV )pi = pi.
Corollary 4.4. Let S be a separable operator system generating a Type I C∗-
algebra A. If every irreducible representation of A is a weak boundary represen-
tation for S, then for any UCP map V ∗piV : A → A′′, where pi : A → A′′ is
a representation and V ∈ A′′ is an isometry such that V ∗pi(s)V = pi(s) for all
s ∈ S implies that V ∗pi(a)V = pi(a) for all a ∈ A.
5. Weak peak points
In this section we will introduce the notion of weak peak point which is a
non-commutative analogue of peak point but different from Arveson’s peaking
representation.
Definition 5.1. Let A be a unital C∗-algebra and S be an operator system of
A such that A = C∗(S), the C∗-algebra generated by S. An element pi of Aˆ is
called a weak peak point for S if there exists s ∈ S such that
(i) |〈pi(s)ξpi, ξpi〉| = ‖s‖ for some ξpi ∈ Hpi with ‖ξpi‖ = 1,
(ii) |〈σ(s)ξσ, ξσ〉| < ‖s‖ for all ξσ ∈ Hσ with ‖ξσ‖ = 1,
where σ is any irreducible representation not equivalent to pi. We will denote the
set of all weak peak points for S by Pw(S).
However the exact relation between weak peak points and peaking representa-
tions of an operator system calls for further study.
We observed that the Choquet boundary of an operator system is contained
in weak Choquet boundary of it and this inclusion is strict. So it would be
interesting to know which weak Choquet boundary points are Choquet boundary
points of an operator system. The following theorem gives partial answer to this
query.
Theorem 5.2. Let S be an operator system in a C∗-algebra A = C∗(S). If pi ∈ Aˆ
is a weak peak point for S, pi is a weak boundary representation for S and pi|S is
pure, then pi is a boundary representation for S.
Proof. Let pi ∈ Pw(S). We want to show that pi is a boundary representation for S.
Let K =
{
Ψ ∈ CP (A,Hpi) : Ψ|S = pi|S
}
. Then K is a compact convex set with
respect to the BW-topology ([1], page 146). By Krein-Milman theorem, there
exists an extreme element Φ of K. Since Φ is linearly extreme and Φ|S is pure, Φ
is pure ([8], Proposition 2.2 and Corollary 2.3). Let (V,Hpi′, pi
′) be the minimal
Stinespring triple corresponding to Φ where pi′ is an irreducible representation.
Then Φ(.) = V ∗pi′(.)V . Since Φ is unital, Φ(1A) = V ∗pi′(1A)V = V ∗V = I, so V
is isometric.
Now we show that pi′ ∼ pi. Let if possible, pi is not equivalent to pi′. Since
pi ∈ Pw(S), there exists s ∈ S such that
| 〈pi(s)ξpi, ξpi〉 | = ‖s‖ for some unit vector ξpi, and
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| 〈pi′(s)ξpi′, ξpi′〉 | < ‖s‖ for all unit vectors ξpi′.
Now,
‖s‖ = | 〈pi(s)ξpi, ξpi〉 | = | 〈Φ(s)ξpi, ξpi〉 | = | 〈pi
′(s)V ξpi, V ξpi〉 | < ‖s‖.
This is a contradiction. Hence pi′ ∼ pi. Therefore, pi′ = U∗piU for some unitary
U : Hpi′ → Hpi. Hence Φ = V
∗pi′V = V ∗U∗piUV = V ∗
1
piV1 where V1 = UV
is an isometry. Thus, Φ(s) = V ∗
1
pi(s)V1 for every s ∈ S. Since Φ|S = pi|S , we
have pi(s) = V ∗
1
pi(s)V1 for every s ∈ S. By our assumption pi is weak boundary
representation, hence pi(a) = V ∗
1
pi(a)V1 for all a ∈ A and therefore pi(a) = Φ(a)
for all a ∈ A. Thus pi = Φ. 
Following examples illustrates the above theorem.
Example 5.3. Let the Volterra integration operator V acting on the Hilbert
space H = L2[0, 1] given by
V f(x) =
∫ x
0
f(t)dt, f ∈ L2[0, 1].
It is well known that V generates the C∗-algebra K = K(H) of all compact
operators. Let S = span (V, V ∗, V 2, V 2∗) and S is hyperrigid ([3], Theorem 1.7).
Let S˜ = S+C ·1 be an operator system generating the C∗-algebra A˜ = K+C ·1.
The irreducible representations of A˜ are pi and ρ given by
pi(T + λ1) = T, for T ∈ K, λ ∈ C
ρ(T + λ1) = λ, for T ∈ K, λ ∈ C
Infact these are the only two irreducible representations upto unitary equivalence.
S˜ is a hyperrigid operator system ([3], Theorem 2.1) implying that pi and ρ are
boundary representations for S˜ of A˜. Also S˜ is quasi hyperrigid and therefore pi,
ρ are weak boundary representations for S˜.
Let V +V ∗ ∈ S˜ be the projection on the space of constants and let the constant
function 1 ∈ L2[0, 1], ||1|| = 1
| 〈pi(V + V ∗)1, 1〉 | = 1 = ||V + V ∗||.
For all ξρ ∈ C, ||ξρ|| = 1.
| 〈ρ(V + V ∗)ξρ, ξρ〉 | = | 〈0ξρ, ξρ〉 | = 0 < ||V + V ∗||.
Therefore pi is a weak peak point.
Let 1 ∈ S˜ and 1 ∈ C, ||1|| = 1
| 〈ρ(1)1, 1〉 | = 1 = ||1||.
For all ξpi ∈ L
2[0, 1], ||ξpi|| = 1
| 〈pi(1)ξpi, ξpi〉 | = | 〈0ξpi, ξpi〉 | = 0 < ||1||.
Hence ρ is a weak peak point. Also pi and ρ restricted to S˜ are pure.
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Example 5.4. Let G = span (I, S, S∗, SS∗), where S is the unilateral right shift
in B(H) and I the identity operator. Let A = C∗(G) be the C∗-algebra generated
by G. We have, K(H) ⊆ A. A/K(H) ∼= C(T) is commutative, where T denotes
the unit circle in C and the spectrum Aˆ of A can be identified with {Id}∪T. Since
S is an isometry, G is hyperrigid ([3], Theorem 3.3) and this will imply that all
the irreducible representations of A are boundary representations for S. Clearly
G is quasi hyperrigid, so all the irreducible representations are weak boundary
representations for S.
Now we prove that identity representation Id of A is a weak peak point for G.
Let e1 = (1, 0, 0..., 0) and let E = I − SS
∗ ∈ G be the rank one projection. We
have | 〈Id(E)e1, e1〉 | = 1 = ||E|| and for any irreducible representation pi which
is not equivalent to identity, pi(E) = 0. So we have | 〈pi(E)η, η〉 | = 0 < ||E|| for
all unit vectors η ∈ Hpi. This proves that Id is a weak peak point. Also Id|G is
pure.
Now we give a ‘lighter’ version of weak peak points where we don’t insist on the
condition (ii) being true for all unit vectors of the corresponding Hilbert space.
Definition 5.5. Let A be a unital C∗-algebra and S be an operator system of
A such that A = C∗(S), the C∗-algebra generated by S. An element pi of Aˆ is
called a quasi weak peak point for S if there exists s ∈ S such that
(i) |〈pi(s)ξpi, ξpi〉| = ‖s‖ for some ξpi ∈ Hpi with ‖ξpi‖ = 1,
(ii) |〈σ(s)ξσ, ξσ〉| < ‖s‖ for some ξσ ∈ Hσ with ‖ξσ‖ = 1,
where σ is any irreducible representation not equivalent to pi.
We now give a few examples.
Example 5.6. For each λ ∈ C, let Tλ ∈ M3(C) be given by Tλ =

 0 1 00 0 0
0 0 λ

.
Let STλ = span{I, Tλ, Tλ
∗} denote the operator system generated by Tλ. Now,
let A = C∗(STλ) = M2(C) ⊕ C be the C
∗-algebra generated by STλ . Consider
the map pi : A → C which sends each X ∈ A to its (3, 3)− entry. Thus, pi
is an irreducible representation of A onto C. Define another irreducible repre-
sentation ρ : A → M2(C) by ρ(X) = V
∗XV , where V =

 1 00 1
0 0

. It can
be proved that ρ and pi are the only irreducible representations (up to unitary
equivalence) of A. We will prove that pi is quasi weak peak point for λ = 1
2
.
Let S =

 0 1 01 0 0
0 0 1

 and ξpi = 1, |〈pi(S)ξpi, ξpi〉| = 1 = ‖S‖. Let ξρ =
[
1
0
]
,
|〈ρ(S)ξρ, ξρ〉| =
∣∣∣∣
〈[
0 1
1 0
] [
1
0
]
,
[
1
0
]〉∣∣∣∣ = 0 < ‖S‖. Hence pi is a quasi weak
peak point for λ = 1
2
.
Example 5.7. ([7], Page 488) Let X = [0, 1] and A = C(X). Consider f :
[0, 1]→ R which is a strictly positive and strictly increasing continuous function.
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Consider the C∗-algebra A⊗M2. Let G be operator system in A⊗M2 spanned by
I =
[
1 0
0 1
]
and F =
[
0 0
f 0
]
. Here C∗(G) = A⊗M2, and the irreducible rep-
resentations of A⊗M2 on C
2 are given by ρt, t ∈ [0, 1] where ρt(F ) =
[
0 0
f(t) 0
]
represents the point evaluation at t and by [7], the only boundary representation
for G in A ⊗M2 is ρ1. We will show that ρ1 is a weak peak point for G. Let
S =
[
0 f
f 0
]
and ξρ1 =
[
1√
2
1√
2
]
for t = 1,
∣∣∣∣
〈
ρ1
[
0 f
f 0
] [
1√
2
1√
2
]
,
[
1√
2
1√
2
]〉∣∣∣∣ =∣∣∣∣
〈[
0 f(1)
f(1) 0
] [
1√
2
1√
2
]
,
[
1√
2
1√
2
]〉∣∣∣∣ = |f(1)| = ||S||. And for all t ∈ [0, 1),
|〈ρt(S)ξt, ξt〉| < |f(1)| for all ξt ∈ Hρt . Hence ρ1 is a weak peak point.
Remark 5.8. In the classical case, when A = C(X), where X is a compact Haus-
dorff space, irreducible representations correspond to point evaluation functionals
and thereby precisely to the points of X . Let pix be the irreducible representation
corresponding to x ∈ X . An x0 ∈ X is a weak peak point for G ⊆ C(X) if there
exists g0 ∈ G such that
∣∣〈pix0(g0)ξpix0 , ξpix0〉
∣∣ = ‖g0‖ for some ξpix0 ∈ Hpix0 with
‖ξpix0‖ = 1 and | 〈pix(g0)ξpix, ξpix〉 | < ‖g0‖ for all ξpix ∈ Hpix with ‖ξpix‖ = 1, where
pix is any irreducible representation not equivalent to pix0. i.e., g0(x0) = ‖g0‖ and
|g0(x)| < ‖g0‖ for every x 6= x0 which implies that x0 is a peak point for G.
Hence in the classical case both weak peak points and peak points coincide. In
the classical case we can prove that quasi weak peak points and peak points also
coincide using similar arguments. Hence all the three notions viz. weak peak
points, quasi weak peak points and peak points coincide in the classical case.
Remark 5.9. It is clear that the concepts and the corresponding analysis is more
based on a modest setting than the much stronger notions employed by Arveson in
his series of articles. However, it is revealed that there are non-trivial questions
related to the structure of certain interesting operator spaces associated with
isometries. In ([5], Section 1.5) there are two more notions of classical peak
points depending on the maps of which the non commutative analogue is yet to
be studied.
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